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1.
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A Toy Example: The Wolf-Goat-Cabbage Puzzle
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Models are Huge
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Treating Gigantic Models

Junges & Katoen 
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▪  Use compact data structures

▪  Make models smaller prior to checking them

▪  Try to make them even smaller

▪  Until obtaining the smallest possible model

▪  While preserving the properties of interest

▪  Do this all algorithmically: full automation
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Striking Examples

Junges & Katoen 

7



UAI 2022 Tutorial

Probabilistic Model Checking
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Probabilistic Model Checking

Take-home message: 
Model Checking of Markov Chains :=  
Computing Reachability Probabilities. 

Efficient. Sound.
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Probabilistic Model Checking
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https://www.stormchecker.org
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A Toy Example: The Lost Passenger Ticket Problem
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Efficiency
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Probabilistic Models
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Other models: stochastic games, probabilistic pushdown automata, probabilistic timed automata
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Objectives
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Key: Computing Reachability Probabilities (Knuth-Yao Die)
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Linear Equation System
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Value Iteration
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Value Iteration
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Sandwich the Iteration 
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Sound Value Iteration

Junges & Katoen 

22



UAI 2022 Tutorial

Sound Value Iteration
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Beyond Reachability
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Markov chain “never b and infinitely often a”

probability to reach an accepting bottom SCC

(courtesy: David Parker)
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Linear Temporal Logic
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LTL Semantics
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Relating LTL and DRA 
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Deterministic Rabin Automaton: “From Some Point On Always Safe”
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LTL Model Checking = Computing Reachability Probabilities
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Remind This
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Probabilistic Models
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Probabilistic Model Checking

Take-home message: 
MDP Model Checking :=  

Computing Extremal Reachability Probabilities. 
Efficient. Sound.



UAI 2022 Tutorial

Markov Decision Processes
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Policies
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MDP + Policy = Markov Chain

Junges & Katoen 
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Reachability Probabilities in MDPs
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Typically no discounting is considered
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Maximal Reachability Probabilities in MDPs
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Positional Policies Suffice for Reachability

Junges & Katoen 

38



UAI 2022 Tutorial

Linear Programming
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(courtesy: David Parker)
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Policies for LTL 
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Positional policies do not suffice. 

LTL requires finite memory policies
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MDP Model Checking Statistics
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Explicit state model checking Symbolic model checking 

https://www.stormchecker.org
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Multi-Objective Model Checking

Take-home message: 
MDP Multi-Objective Model Checking :=  

Verifying Arbitrary Combinations of Objectives 
Efficient. Using Dynamic Programming.
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Multi-Objective Model Checking
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•  Model trip to airport as a Markov decision process (MDP) 
• Nondeterminism 
• Probabilistic branching 
• Costs (here: travel time) 

 

•  Minimise expected travel time  

•  E.g., Exp(♢ ) = 2 hours; departure in 3 hours 

•  Better: Maximise probability to arrive before the flight departs 

•  Other types of cost can play a role too: money, fuel, pollution, stress, ...
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Sound Value Iteration
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Analyse Tradeoffs Between Objectives

Arrive within 3 hours  
vs.  

Invest less than 50 € 
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Single vs. Multiple Objectives
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•  Single-objective: maximal probability 

•  Prmax(♢G) ≔ max! Pr!(♢G) 

•  Positional policy ! resolves nondeterminism: 
•  !(s)(α) = “prob. to pick action α in state s" 

•  Multi-objective: trade-off 
• Prmax(♢G1) vs. Prmax(♢G2) vs. ... 
• No single policy maximises all probabilities 

• Randomised policy ! resolves nondeterminism: 
• !(π)(α) = “prob. to pick action α after  

                  finite path π"
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Policy Requirements
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In general, we need policies with randomisation and finite memory, e.g.:

Only with randomised policy !(s)(α) = !(s)(β) = 0.5 

s βα1 1 11 t u (0.5, 0.5) ∈ "(◊{t}, ◊{u}) ?

s βα1 1 1t u

γ 1

(1, 1) ∈ "(◊{t}, ◊{u}) ?

Only with finite-memory policy !(π)(α) =  
1, if π has not visited t, yet

0, otherwise{

achievable points

achievable points
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Goal Unfolding
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•   A policy may need to memorise which set Gi has been reached already 
•   Idea: encode this information into the state space 
•   Then: positional (randomised) policies suffice

s βα1 1 1t u

γ 1

s βα1 1 1t u

γ 1

s βα1 1 1t u

γ 1

s βα1 1 1t u

γ 1
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s β
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s βα1 1 1t u

γ 1

s β 1 1t u

γ 1

s βα1 1 1t u

γ 1

α 1
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Goal Unfolding
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Goal Unfolding
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•   A policy may need to memorise which set Gi has been reached already 
•   Idea: encode this information into the state space 
•   Then: positional (randomised) policies suffice
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Cost-Bounded MDPs

Junges & Katoen 

51

•  MDPs + multiple cost structures 

•  Policy ! resolves nondeterminism 

•  Pr!(♢≤b⬤) = "Pr { reach ⬤ with at most red cost b” } 

•  Multi-objective: tradeoff 

•  multi [ Prmax(♢≤b⬤), Prmax(♢≤c⬤) ] 

•  yields a Pareto curve

.5/h0, 0i.5/h0, 1i

.8/h1, 0i

.2/h0, 1i

1/h4, 0i
1/h1, 0i

red cost
blue cost

Pr(♢≤b⬤)

P
r(
♢
≤c

⬤
)
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Complexity
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Multi-Cost Bounded Reachability in MDPs is PSPACE-hard

Let’s take a ``practical’’ view: how to solve this efficiently?

Almost-Sure Multi-Cost Bounded Reachability is PSPACE-complete
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Unfolding for Prmax(♢≤2 ⬤)
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.5/h0, 0i.5/h0, 1i

.8/h1, 0i

.2/h0, 1i

1/h4, 0i
1/h1, 0i

.5/h0, 0i.5/h0, 1i

.8/h1, 0i

.2/h0, 1i

1/h4, 0i
1/h1, 0i

.5/h0, 0i.5/h0, 1i

.8/h1, 0i

.2/h0, 1i

1/h4, 0i
1/h1, 0i

.5/h0, 0i.5/h0, 1i

.8/h1, 0i

.2/h0, 1i

1/h4, 0i
1/h1, 0i
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Unfolding for Prmax(♢≤2⬤)
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.5/h0, 0i.5/h0, 1i

1/h4, 0i
1/h1, 0i

.5/h0, 0i.5/h0, 1i .5/h0, 0i.5/h0, 1i.5/h0, 0i.5/h0, 1i

.8/h1, 0i

.2/h0, 1i

.8/h1, 0i

.2/h0, 1i

.8/h1, 0i

.2/h0, 1i

.8/h1, 0i

.2/h0, 1i

1/h4, 0i 1/h4, 0i1/h4, 0i
1/h1, 0i 1/h1, 0i1/h1, 0i

.8/h1, 0i

.2/h0, 1i

.8/h1, 0i

.2/h0, 1i

.8/h1, 0i

.2/h0, 1i

1/h1, 0i 1/h1, 0i 1/h1, 0i

1/h4, 0i 1/h4, 0i 1/h4, 0i

2 remaining 1 remaining 0 remaining threshold exceeded

Prmax(♢≤b ⬤) for original MDP coincides with Prmax(♢⬤) for unfolded MDP 
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.5/h0, 0i.5/h0, 1i

1/h4, 0i
1/h1, 0i

.5/h0, 0i.5/h0, 1i .5/h0, 0i.5/h0, 1i.5/h0, 0i.5/h0, 1i
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1/h1, 0i 1/h1, 0i 1/h1, 0i

1/h4, 0i 1/h4, 0i 1/h4, 0i

.8/h1, 0i

.2/h0, 1i

1/h4, 0i
1/h1, 0i

• Idea: Unfold in multiple dimensions
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Unfolding for multi [ Prmax(♢≤2 ⬤), Prmax(♢≤0 ⬤) ]
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• Obtain Pareto curve with existing algorithms for unbounded reachability 

• Unfolding is large

multi[Prmax(♢≤b⬤), Prmax(♢≤c⬤)] for original MDP 

 coincides with multi[Prmax(♢⬤), Prmax(♢⬤)] for unfolded MDP 

MDP MDP MDP MDP MDP MDP

MDP MDP MDP MDP MDP MDP

MDP MDP MDP MDP MDP MDP

MDP MDP MDP MDP MDP MDPMDP MDP MDP MDP MDP MDP

MDP MDP MDP MDP MDP MDP

...

...

...

...
... ... ... ... ... ...

...

b+2 copies

c+2 copies
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MDP MDP MDP MDP MDP

MDP MDP MDP MDP MDP MDPMDP

MDP MDP MDP MDP MDP MDPMDP

MDP MDP MDP MDP MDP MDPMDP

MDP MDP MDP MDP MDP MDPMDP

MDP MDP MDP MDPMDP MDPMDP

MDP MDP MDP MDP MDP MDP

...

...

...

...

......

...MDP

... ... ... ... ... ... ...

MDPMDP
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Dynamic Programming
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• Analyse          copies sequentially (one after the other) 
 

• No need to consider the entire unfolding at once 
 

• Efficient implementation as           copies are structurally similar 
 

• Naturally extends approaches from single cost-bounded analysis 
        [Hahn and Hartmanns, SETTA 2016], [Klein et al., STTT 2017]

MDP

MDP



Experiments

Mars Rover
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• 2 objectives 
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x Unfolding approach 
+ Sequential approach

reflects magnitude of cost bounds
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Verification Times Multiple Cost-Objectives

l = # queries, r = # different cost structures, m = # bounds
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Beyond Markov Chains
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Efficiency
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https://www.stormchecker.org
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Tutorial Overview
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3. Automated Symbolic Reasoning

1.
Fundamentals of  
Probabilistic Model Checking

2. Probabilistic Model Checking with Storm:  
Hands-on Slides

4. Parameter Synthesis in Markov Models



Probabilistic Model Checking with Storm
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• See  
 
https://github.com/moves-rwth/stormpyter/tree/master/tutorial_uai 
 
for the material. The material includes information how-to run the interactive slides 
on your on own machine! Below, you can find the first few slides.

Junges & Katoen 

Hands-on presentation
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•  

Junges & Katoen 

Interactive Session, Slide 1

67



UAI 2022 Tutorial

•  

Junges & Katoen 

Interactive Session, Slide 2
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•  

Junges & Katoen 

Interactive Session, Slide 3
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• The PDF includes an non-interactive version.  
The interactive version can be found at  
 
https://github.com/moves-rwth/stormpyter/tree/master/tutorial_uai 
 

Junges & Katoen 

Hands-on presentation

70



docker run -it -p 8080:8080 --name stormpyter sjunges/stormpyter:uai22 



Storm 1.7.1 (dev) 

 

Date: Mon Aug  1 10:00:01 2022 

Command line arguments: ‑‑version 

Current working directory: /Users/junges/stormpyter/tutorial_uai 

 

Version 1.7.1 (dev) (+ 6 commits) build from revision 704e8066486de8cef0362cf98a36404b68

d7c187 (clean) 

Compiled on Darwin 21.6.0 using AppleClang 13.1.6.13160021 with flags ' ‑stdlib=libc++ ‑

ftemplate‑depth=1024 ‑O3 ‑DNDEBUG ‑fno‑stack‑check ‑march=native ‑fomit‑frame‑pointer' 

Linked with GNU Linear Programming Kit v5.0. 

Linked with Gurobi Optimizer v9.5.1. 

Linked with Microsoft Z3 Optimizer v4.9 Build 1 Rev 0. 

Linked with CArL. 

--version

In [4]: %alias storm "./storm" 

In [6]: storm ‑‑version 



@type: DTMC 

@parameters 

 

@reward_models 

 

@nr_states 

13 

@nr_choices 

13 

@model 

state 0 init 

  action 0 

    1 : 0.5 

    2 : 0.5 

state 1 

  action 0 

    3 : 0.5 

    4 : 0.5 

state 2 

  action 0 

    5 : 0.5 

    6 : 0.5 

state 3 

  action 0 

    1 : 0.5 

Storm 1.7.1 (dev) 

 

Date: Sun Jul 31 21:59:49 2022 

Command line arguments: ‑‑explicit‑drn examples/kydie.drn ‑‑buildfull 

Current working directory: /Users/junges/stormpyter/tutorial_uai 

 

Time for model construction: 0.001s. 

 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

Model type:   DTMC (sparse) 

In [3]: !tail ‑n+3 examples/kydie.drn | head ‑n 25 

In [4]: storm ‑‑explicit‑drn examples/kydie.drn ‑‑buildfull 



States:   13 

Transitions:   20 

Reward Models:  none 

State Labels:   8 labels 

   * init ‑> 1 item(s) 

   * out5 ‑> 1 item(s) 

   * done ‑> 6 item(s) 

   * out3 ‑> 1 item(s) 

   * out1 ‑> 1 item(s) 

   * out6 ‑> 1 item(s) 

   * out2 ‑> 1 item(s) 

   * out4 ‑> 1 item(s) 

Choice Labels:  none 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

Time for model construction: 0.000s. 

 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

Model type:   DTMC (sparse) 

States:   13 

Transitions:   20 

Reward Models:  none 

State Labels:   8 labels 

   * init ‑> 1 item(s) 

   * out5 ‑> 1 item(s) 

   * done ‑> 6 item(s) 

   * out3 ‑> 1 item(s) 

   * out1 ‑> 1 item(s) 

   * out6 ‑> 1 item(s) 

   * out2 ‑> 1 item(s) 

   * out4 ‑> 1 item(s) 

Choice Labels:  none 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

 

Model checking property "1": P=? [F "out3"] ... 

Result (for initial states): 0.1666666667 

Time for model checking: 0.000s. 

Time for model construction: 0.000s. 

 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

Model type:   DTMC (sparse) 

States:   13 

Transitions:   20 

Reward Models:  none 

State Labels:   8 labels 

   * init ‑> 1 item(s) 

   * out5 ‑> 1 item(s) 

   * done ‑> 6 item(s) 

   * out3 ‑> 1 item(s) 

   * out1 ‑> 1 item(s) 

   * out6 ‑> 1 item(s) 

   * out2 ‑> 1 item(s) 

   * out4 ‑> 1 item(s) 

Choice Labels:  none 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

In [86]: storm ‑‑explicit‑drn examples/kydie.drn ‑‑prop 'P=? [F "out3" ]' | tail ‑n+7 

In [88]: storm ‑‑explicit‑drn examples/kydie.drn ‑‑prop 'T=? [F "done" ]' | tail ‑n+7 



 

Model checking property "1": T[exp]=? [F "done"] ... 

Result (for initial states): 3.666666667 

Time for model checking: 0.000s. 

module main 

    s : [0..12] init 0; 

    [] s=0 ‑> 0.5:(s'=1) + 0.5:(s'=2); 

    [] s=1 ‑> 0.5:(s'=3) + 0.5:(s'=4); 

    [] s=2 ‑> 0.5:(s'=5) + 0.5:(s'=6); 

    [] s=3 ‑> 0.5:(s'=1) + 0.5:(s'=7); 

    [] s=4 ‑> 0.5:(s'=8) + 0.5:(s'=9); 

    [] s=5 ‑> 0.5:(s'=2) + 0.5:(s'=10); 

    [] s=6 ‑> 0.5:(s'=11) + 0.5:(s'=12); 

    [] s>6 ‑> 1:(s'=s); 

endmodule 

 

label "out1" = s=7; 

label "out2" = s=8; 

label "out3" = s=9; 

label "out4" = s=10; 

In [7]: !tail ‑n20 examples/kydie‑naive.prism | head ‑n 16 



mdp 

 

const int N; 

 

module main 

   x : [0..N] init 3; 

   y : [0..N] init 3; 

 

   [north] x > 1 ‑> 0.9:(x'=x‑1) + 0.1:(x'=x); 

   [south] x < N ‑> 0.9:(x'=x+1) + 0.1:(x'=x); 

   [west] y > 1 ‑> 0.8:(y'=y‑1) + 0.2:(y'=y); 

   [east] y < N ‑> 0.8:(y'=y+1) + 0.2:(y'=y); 

endmodule 

Time for model input parsing: 0.001s. 

 

Time for model construction: 0.048s. 

 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

Model type:   MDP (sparse) 

States:   36 

Transitions:   240 

Choices:   120 

Model checking property "1": T[exp]min=? [F ((y = 60) & (x = 60))] ... 

Result (for initial states): 134.583334 

Time for model checking: 0.007s. 

In [8]: !cat examples/grid.prism 

In [9]: storm ‑‑prism examples/grid.prism ‑const N=6 | tail ‑n+6 | head ‑n 10 

In [10]: storm ‑‑prism examples/grid.prism ‑const N=60 ‑‑prop "Tmin=? [F y=N & x=N]" | tail ‑n 3 



label "station" = x=4 & y=1; 

label "castle" = x=1 & y=N‑1; 

formula grass =  y = 3 | x=2; 

 

rewards "movementcost" 

    grass : 2; 

    !grass : 1; 

endrewards 

 

Time for model construction: 0.023s. 

 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

Model type:   MDP (sparse) 

States:   900 

Transitions:   6955 

Choices:   3478 

Reward Models:  movementcost 

State Labels:   3 labels 

   * deadlock ‑> 0 item(s) 

   * init ‑> 1 item(s) 

   * castle ‑> 1 item(s) 

Choice Labels:  none 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

 

Model checking property "1": Pmax=? [true Urew{"movementcost"}<=40 "castle"] ... 

Result (for initial states): 0.9060504552 

Time for model checking: 0.012s. 

Model checking property "1": Pmax=? [G F ("station" & (G F "castle"))] ... 

Result (for initial states): 1 

Time for model checking: 0.014s. 

Model checking property "1": Pmax=? [true U<=7 ("station" & (true U<=7 "castle"))] ... 

Result (for initial states): 0.4255827145 

Time for model checking: 0.017s. 

Model checking property "1": Pmax=? [true U<=7 "station"] ... 

Result (for initial states): 0.9998235 

Time for model checking: 0.000s. 

In [11]: !tail ‑n 10 examples/grid_complete.prism 

In [12]: storm ‑‑prism examples/grid_complete.prism ‑const N=30 ‑‑prop "Pmax=? [F{\"movementcost\

In [13]: storm ‑‑prism examples/grid_complete.prism ‑const N=6 ‑‑prop "Pmax=? [GF \"station\" & G

In [14]: storm ‑‑prism examples/grid_complete.prism ‑const N=6 ‑‑prop "Pmax=? [F<=7 \"station\" & 

In [15]: storm ‑‑prism examples/grid_complete.prism ‑const N=6 ‑‑prop "Pmax=? [F<=7 \"station\"];



 

Model checking property "2": Pmax=? [true U<=7 "castle"] ... 

Result (for initial states): 0.966656 

Time for model checking: 0.000s. 

Model checking property "1": T[exp]min=? [F ((x = 3) & (y > 4))] ... 

Exporting scheduler ...  WARN (model‑handling.h:1133): No information of state valuation

s available. The scheduler output will use internal state ids. You might be interested i

n building the model with state valuations using ‑‑buildstateval. 

 WARN (model‑handling.h:1137): No symbolic choice information is available. The schedule

r output will use internal choice ids. You might be interested in building the model wit

h choice labels or choice origins using ‑‑buildchoicelab or ‑‑buildchoiceorig. 

 WARN (model‑handling.h:1140): Only partial choice information is available. You might w

ant to build the model with choice origins using ‑‑buildchoicelab or ‑‑buildchoiceorig. 

Write to file plain.sched. 

Result (for initial states): 2.5 

Time for model checking: 0.000s. 

___________________________________________________________________ 

Fully defined memoryless deterministic scheduler: 

model state:    choice(s) 

           0    3 

           1    3 

           2    3 

           3    3 

           4    3 

           5    2 

           6    1 

Model checking property "1": T[exp]min=? [F ((x = 3) & (y > 4))] ... 

Exporting scheduler ... Write to file high.sched. 

Result (for initial states): 2.5 

Time for model checking: 0.000s. 

___________________________________________________________________ 

Fully defined memoryless deterministic scheduler: 

      model state:    choice(s) 

    0: [x=3  & y=3]    3 {east} 

    1: [x=2  & y=3]    3 {east} 

    2: [x=4  & y=3]    3 {east} 

    3: [x=3  & y=2]    3 {east} 

    4: [x=3  & y=4]    3 {east} 

    5: [x=1  & y=3]    2 {east} 

    6: [x=2  & y=2]    1 {south} 

In [16]: storm ‑‑prism examples/grid.prism ‑const N=6 ‑‑prop "Tmin=? [F x=3 & y > 4]" ‑‑exportsch

In [17]: !head ‑n10 plain.sched 

In [18]: storm ‑‑prism examples/grid.prism ‑const N=6 ‑‑prop "Tmin=? [F x=3 & y > 4]" ‑‑exportsch

In [19]: !head ‑n10 high.sched 



Result (for initial states): 0.1666666667 

Time for model checking: 0.000s. 

Result (for initial states): 1/6 (approx. 0.1666666667) 

Time for model checking: 0.000s. 

Model checking property "1": T[exp]min=? [F ((x = 3) & (y > 4))] ... 

Result (for initial states): 7.222222222 

Time for model checking: 0.488s. 

Model checking property "1": T[exp]min=? [F ((x = 3) & (y > 4))] ... 

Result (for initial states): 7.222222222 

Time for model checking: 0.002s. 

Model checking property "1": T[exp]min=? [F ((x = 3) & (y > 4))] ... 

Result (for initial states): 2.5 

Time for model checking: 0.452s. 

In [20]: storm ‑‑explicit‑drn examples/kydie.drn ‑‑prop 'P=? [F "out1"]' | tail ‑n2 

In [21]: storm ‑‑explicit‑drn examples/kydie.drn ‑‑prop 'P=? [F "out1"]' ‑‑exact | tail ‑n2 

In [22]: storm ‑‑prism examples/grid_complete.prism ‑const N=40 ‑‑prop "Tmin=? [F x=3 & y>4]" ‑‑m

In [23]: storm ‑‑prism examples/grid_complete.prism ‑const N=40 ‑‑prop "Tmin=? [F x=3 & y>4]" ‑‑m

In [13]: storm ‑‑prism examples/grid.prism ‑const N=800 ‑‑prop 'Tmin=? [F x=3 & y > 4]' ‑e dd ‑‑m

In [25]: storm ‑‑prism examples/grid.prism ‑const N=800 ‑‑prop 'Tmin=? [F x=3 & y > 4]' ‑e sparse 



Model checking property "1": T[exp]min=? [F ((x = 3) & (y > 4))] ... 

Result (for initial states): 2.5 

Time for model checking: 10.921s. 

Time for model construction: 0.025s. 

 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

Model type:   MDP (sparse) 

States:   956 

Transitions:   3048 

Choices:   2694 

Reward Models:  none 

State Labels:   4 labels 

   * deadlock ‑> 0 item(s) 

   * init ‑> 1 item(s) 

   * hungry ‑> 922 item(s) 

   * eat ‑> 240 item(s) 

Choice Labels:  none 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

 

Time for model preprocessing: 0.008s. 

 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

Model type:   MDP (sparse) 

States:   172 

Transitions:   517 

Choices:   461 

Reward Models:  none 

State Labels:   3 labels 

   * init ‑> 1 item(s) 

   * hungry ‑> 164 item(s) 

   * eat ‑> 44 item(s) 

Choice Labels:  none 

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  

In [26]: storm ‑‑bisimulation ‑‑prism examples/phil‑nofair3.nm ‑‑prop 'filter(forall, P>=1 [F "ea



Stormpy version: 1.7.0 using Storm in version: 1.7.1 

Number of states: 48 

Number of transitions: 258 

Labels: {'castle', 'deadlock', 'init', 'station'} 

0.86810446 

[[0.2095549336299997, 0.86810446], [0.22331658280000125, 0.8629031799999994], [0.3872408

782000002, 0.7571695599999997], [0.6394090000000007, 0.5291019999999993], [0.25903569549

99999, 0.8492238999999998], [1.0, 0.04899999999999984], [0.6785109999999998, 0.490000000

00000016]] 

In [14]: import stormpy 
import stormpy.info 
 

print("Stormpy version: " + stormpy.__version__ + " using Storm in version: " + stormpy.

In [28]: orig_program = stormpy.parse_prism_program("examples/grid_slip_forward.prism") 
program = orig_program.define_constants(stormpy.parse_constants_string(orig_program.expr

In [29]: options = stormpy.BuilderOptions(True, True) 
options.set_build_state_valuations()  
options.set_build_choice_labels() 
model = stormpy.build_sparse_model_with_options(program, options) 
print("Number of states: {}".format(model.nr_states)) 
print("Labels: {}".format(model.labeling.get_labels())) 

In [30]: properties = stormpy.parse_properties("Pmax=? [F<=8 \"station\"]") 
result = stormpy.model_checking(model, properties[0]) 
print(result.at(model.initial_states[0])) 

In [31]: from stormpy.utility.multiobjective_plotting import prepare_multiobjective_result_for_pl
import matplotlib.pyplot as plt 
 

properties = stormpy.parse_properties_for_prism_program("multi(Pmax=? [ F<=11 \"castle\" 
result = stormpy.model_checking(model,properties[0]) 
print(result.get_underapproximation().vertices) 

In [32]: lower_left = [0,0] 
upper_right = [1,1] 
formula = properties[0].raw_formula 



Text(0, 0.5, 'Pmax=? [true U<=8 "station"]')

5.766754302112218 

Number of states: 48 

Number of transitions: 258 

Labels: {'castle', 'deadlock', 'init', 'station'} 

(p^6+62*p^2+(‑58)*p^3+30*p^4+(‑7)*p^5+(‑34)*p+8)/((2*p^2+(‑2)*p+1) * (2*p^4+6*p^2+(‑4)*p

^3+(‑4)*p+1)) 

fig, ax = plt.subplots() 
 

underapprox_points, overapprox_points = prepare_multiobjective_result_for_plotting(resul
plot_convex_pareto_curve_demo(ax, underapprox_points, overapprox_points, lower_left, upp

ax.set_xlabel(formula.subformulas[0]) 
ax.set_ylabel(formula.subformulas[1]) 

Out[32]:

In [33]: properties = stormpy.parse_properties("R{\"movecost\"}min=? [ F \"station\"]") 
result = stormpy.model_checking(model, properties[0], extract_scheduler=True) 
scheduler = result.scheduler 
print(result.at(model.initial_states[0])) 

In [34]: program2 = orig_program.define_constants(stormpy.parse_constants_string(orig_program.exp
parametric_model = stormpy.build_sparse_parametric_model_with_options(program2, options) 
print("Number of states: {}".format(model.nr_states)) 
print("Number of transitions: {}".format(model.nr_transitions)) 
print("Labels: {}".format(model.labeling.get_labels())) 

In [35]: induced_model = parametric_model.apply_scheduler(scheduler.cast_to_parametric_datatype()

In [36]: result = stormpy.model_checking(induced_model, properties[0]).at(induced_model.initial_s
print(result) 



4938860038855867/562949953421312 or approx 8.773177808862206 

9.713210126685812 

In [37]: import numpy as np 
plt.xlabel('slippiness p') 
plt.ylabel('Expected cost until station') 
plt.title("Movement cost for fixed policy") 
 

p = np.linspace(0.001, 0.999, 100) 
plt.axis((0,1,0,60)) 
plot_func = eval(str(result).replace("^", "**")) 
plt.plot(p, plot_func, linewidth=2); 

In [51]: import stormpy.pars as spp 
stormpy.set_loglevel_error() 
env = stormpy.Environment() 
checker = spp.create_region_checker(env, parametric_model, properties[0].raw_formula) 
region_string = "0.1<=p<=0.2" 
region = spp.ParameterRegion.create_from_string(region_string, parametric_model.collect_p
precision = stormpy.RationalRF(0.01) 
best_case_result = checker.compute_extremum(env, region, stormpy.OptimizationDirection.M
print(str(best_case_result[0]) + " or approx " + str(float(best_case_result[0].constant_p

In [41]: print(float(result.evaluate(best_case_result[1])))  

In [66]: import stormpy.simulator as ssim 



(1,3) ‑‑south‑‑> (2,3) ‑‑south‑‑> (3,3) ‑‑west‑‑> (3,4) ‑‑east‑‑> (3,5) ‑‑north‑‑> (2,5) 

‑‑north‑‑> (1,5) 

(1,3) ‑‑west‑‑> (1,2) ‑‑west‑‑> (1,1) ‑‑south‑‑> (2,1) ‑‑north‑‑> (1,1) ‑‑east‑‑> (1,2) 

‑‑east‑‑> (1,3) 

(1,3) ‑‑east‑‑> (1,4) ‑‑west‑‑> (1,3) ‑‑west‑‑> (1,4) ‑‑east‑‑> (1,5) ‑‑south‑‑> (2,5) ‑

‑south‑‑> (3,5) 

(1,3) ‑‑> (1,4) ‑‑> (1,3) ‑‑> (1,4) ‑‑> (1,3) ‑‑> (1,2) ‑‑> (1,3) 

(1,3) ‑‑> (1,2) ‑‑> (1,1) ‑‑> (2,1) ‑‑> (1,1) ‑‑> (2,1) ‑‑> (1,1) 

(1,3) ‑‑> (1,4) ‑‑> (1,3) ‑‑> (1,4) ‑‑> (1,3) ‑‑> (1,2) ‑‑> (1,3) 

import random 
random.seed(3) 
simulator = ssim.create_simulator(program, seed=42) 
simulator.set_action_mode(ssim.SimulatorActionMode.GLOBAL_NAMES) 
 

paths = [] 
for m in range(3): 
    path = [] 
    state, reward, labels = simulator.restart() 
    path = [f"({state['x']},{state['y']})"] 
    for n in range(6): 
        actions = simulator.available_actions() 
        select_action = random.randint(0,len(actions)‑1) 
        path.append(f"‑‑{actions[select_action]}‑‑>") 
        state, reward, labels = simulator.step(actions[select_action]) 
        path.append(f"({state['x']},{state['y']})") 
        if simulator.is_done(): 
            break 
    paths.append(path) 
for path in paths: 
    print(" ".join(path)) 

In [82]: import stormpy.simulator as ssim 
import random 
random.seed(3) 
induced_model = model.apply_scheduler(scheduler) 
simulator = ssim.create_simulator(model.apply_scheduler(scheduler), seed=42) 
simulator.set_observation_mode(ssim.SimulatorObservationMode.PROGRAM_LEVEL) 
 

paths = [] 
for m in range(3): 
    path = [] 
    state, reward, labels = simulator.restart() 
    path = [f"({state['x']},{state['y']})"] 
    for n in range(6): 
        path.append(f"‑‑>") 
        state, reward, labels = simulator.step() 
        path.append(f"({state['x']},{state['y']})") 
        if simulator.is_done(): 
            break 
    paths.append(path) 
for path in paths: 
    print(" ".join(path)) 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3. Automated Symbolic Reasoning

1.
Fundamentals of  
Probabilistic Model Checking

2. Probabilistic Model Checking with Storm:  
Hands-on Slides

4. Parameter Synthesis in Markov Models
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Tutorial Part 3: Automated Symbolic Reasoning
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3c. Inductive Invariants (aka: 1-Induction)

3a.
Symbolic Probabilistic Model Checking 
of Bayesian Networks

3b. Probabilistic Model Checking 
by Inference

3d. k-Induction
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Bayesian Networks

Take-home message: 
Inference = Computing Reachability Probabilities
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Bayesian Networks

Junges & Katoen 
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Judea Pearl
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Bayesian Networks

Junges & Katoen 

76

A Bayes Network

Its Markov Chain
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Inference = Reachability Probabilities

Junges & Katoen 
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⏟
@Bayes 
 network

@Bayes 
 network

@Markov chain@Markov chain

[Salmani and K, QEST 2020]

Pr { pregnant | both tests are neg }

Pr { both tests are neg }

Recall: inference in BNs is PP-complete
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Bayesian Inference by Explicit-State Model Checking 

Junges & Katoen 
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Multi-Terminal Binary Decision Diagrams

Junges & Katoen 
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Size heavily depends on variable ordering

(courtesy: David Parker)
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MTBDDs Represent Matrices

Junges & Katoen 
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(courtesy: David Parker)
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MTBDD Representation of Markov Chains
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Example Markov chain Its MTBDD (x, x’) to (y, y’) 

[Baier et al., ICALP 1997]
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MDP Model Checking Statistics: Explicit vs MTBDD-Based

Junges & Katoen 

82

Explicit state model checking Symbolic model checking 

https://www.stormchecker.org
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MTBDDs for Bayesian Networks

Junges & Katoen 
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Symbolic Model Checking

Junges & Katoen 
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Smart Markov Chain Generation

Junges & Katoen 
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Idea: tailor the state-space generation to the evidence of the BN

[Salmani and K, arXiV 2022



UAI 2022 TutorialJunges & Katoen 

86

Model Checking By Inference

Take-home message: 
Computing Finite-Horizon Reachability Probabilities 

can be Sometimes Efficient Using Inference
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Finite-Horizon Reachability by Inference                      [Holtzen et al., CAV 2021]

Junges & Katoen 
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p1 pn

1 − p1 1 − pn

q1 qn

1 − q1 1 − qnMotivating example

Given n factories that are either operational or on strike, 
what is the probability that all factories are on strike within, say, 10 days?

Prism
Storm DD
Storm Explicit

Rubicon
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Compact Computation Trees

Junges & Katoen 
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Idea:  
Given a symbolic description of a MC M, compute an MC L  
that is bisimulation (aka: lumping) equivalent to M’s computation tree up to depth k

k = 3

k = 3

Build on-the-fly 
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Inference using Weighted Model Counting

Junges & Katoen 
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Idea:  
Given an MC M, provide a weighted formula  f such that 
Pr { M reaches G within k steps } = weighted model counting of f 

s = ⟨0,0⟩ < t = ⟨0,1⟩ < u = ⟨1,0⟩ < v = ⟨1,1⟩

Each model of this formula is a single path to the goal

W(cs,i) = 0.6 and W(ct,i) = W(cv,i) = 0.5

Then: W( f ) = 0.42 = Pr{M reaches u ≤ 3 steps}
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From PRISM Models to Dice Programs

Junges & Katoen 
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Experimental Evaluation

Junges & Katoen 
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Storm DD
Storm Explicit

Rubicon

each process 
same bias 

each process 
different bias 



UAI 2022 TutorialJunges & Katoen 

92

Inductive Invariants

Take-home message: 
Powerful Alternative for  

Computing (Un)Reachability Probabilities 
(Even for infinite-state MDPs)
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Proving Unreachability

Junges & Katoen 
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Boolean setting Probabilistic  setting

[Batz et al., CAV 2020]
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Foundations

Junges & Katoen 
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Boolean setting Probabilistic setting
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The Boolean Setting

Junges & Katoen 
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The Probabilistic Setting

Junges & Katoen 
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Example Computing Reach-Probabilities 

Junges & Katoen 
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Example Computing Reach-Probabilities 

Junges & Katoen 
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Example Computing Reach-Probabilities 
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Example Computing Reach-Probabilities 
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Example Computing Reach-Probabilities 
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Example Computing Reach-Probabilities 
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Example Computing Reach-Probabilities 

Junges & Katoen 
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Example Computing Reach-Probabilities 

Junges & Katoen 
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MDP Frame Transformer := Bellman Operator

Junges & Katoen 
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bad states
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Empirical Results

Junges & Katoen 
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https://www.stormchecker.org

15 minutes

More information: [Batz et al., CAV 2020]

no generalisation

with generalisation



UAI 2022 TutorialJunges & Katoen 

112

k-Inductive Invariants

Take-home message: 
An Even More Powerful Alternative for  

Computing (Un)Reachability Probabilities 
(Even for infinite-state MDPs)
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k-Induction                                                                           [Sheeran et al., 2000]

Junges & Katoen 
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k-Induction for Infinite-State MDPs

Junges & Katoen 
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Exp { totalFail }

[Batz et al., CAV 2021]

bounded retransmission 

protocol l
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k-Induction - Boolean Formulation

Junges & Katoen 
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initialisation

induction
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k-Induction: Probabilistic Formulation

Junges & Katoen 
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k-Induction: Probabilistic Formulation

Junges & Katoen 
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k-Induction: Probabilistic Formulation

Junges & Katoen 
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k-Induction: The Boolean Setting

Junges & Katoen 
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k-Induction: The Boolean Setting

Junges & Katoen 
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k-Induction: The Boolean Setting

Junges & Katoen 
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Generalisation to Lattices

Junges & Katoen 
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k-Induction vs. Inductive Invariants

Junges & Katoen 
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k-Induction-Fixed Point Formulation for Boolean Setting

Junges & Katoen 

124



UAI 2022 Tutorial

k-Induction- Probabilistic Formulation

Junges & Katoen 
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In order to reason about reachability probabilities in MDPs, we need to:
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MDP Frame Transformer := Bellman Operator

Junges & Katoen 
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bad states
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Experimental Results

Junges & Katoen 
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https://github.com/moves-rwth/kipro2.

infinite-state 

comp. tim
e SMT formulae

SMT solving total tim
e  

(incl.preprocessing

peak number of conjuncts
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Tutorial Overview
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3. Automated Symbolic Reasoning

1.
Fundamentals of  
Probabilistic Model Checking

2. Probabilistic Model Checking with Storm:  
Hands-on Slides

4. Parameter Synthesis in Markov Models
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Sebastian Junges & Joost-Pieter Katoen 
Probabilistic Verification 
UAI 2022

Tutorial Overview
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3. Automated Symbolic Reasoning

1.
Fundamentals of  
Probabilistic Model Checking

2. Probabilistic Model Checking with Storm:  
Hands-on Slides

4. Parameter Synthesis in Markov Models
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Take-home messages

• Parametric Markov chains (pMCs) & what questions to ask about them 

• pMCs and finite-state controllers in POMDPs are tightly connected 

• pMC analysis as a backbone; e.g., for parameter tuning in Bayesian networks
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Overview
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Complexity

POMDPsApproaches

Concepts Encoding

p1 = x ⋅ x2 + (1 − x ) ⋅ p5
p2 = y ⋅ p3 + (1 − y ) ⋅ p4
p3 = x ⋅ p2 + (1 − x ) ⋅ p3
p4 = x ⋅ p1 + (1 − x ) ⋅ p⋅
p5 = 0 p1 = 0p1 = 0
p1 = 1

p1 > 1/6

0 < x < 1,0 < y < 1x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − y

Parametric BNs
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Markov chains
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s1

s3 s4

s2 s5

s6 s7

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

Knuth-Yao die

In every state, flip a coin

1
6

1
6

1
6

1
6

1
6

1
6

Final states: die outcomes
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Markov chains
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s1

s3 s4

s2 s5

s6 s7

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
6

1
6

1
6

1
6

1
6

1
6

1
2

1
2

1
2

1
2

Knuth-Yao die (two fair coins)



Sebastian Junges & Joost-Pieter Katoen 
Probabilistic Verification 
UAI 2022

135

s1

s3 s4

s2 s5

s6 s7

1
2

1
2

1
2

1
2

0.48 0.52

0.52 0.52 0.52 0.520.48 0.48

0.164… 0.164… 0.151… 0.178… 0.178… 0.164…

0.48 0.48

Knuth-Yao die (unfair blue coin)

Markov chains
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s1

s3 s4

s2 s5

s6 s7

? ? ? ? ? ?

0.48 0.52

0.48 0.48

0.40.4 0.6 0.6

Knuth-Yao die (unfair coins)

Markov chains

0.52 0.52 0.52 0.520.48 0.48
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s1

s3 s4

s2 s5

s6 s7

x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − y

Parametric Markov chains (pMCs)

Knuth-Yao die (symbolic probabilities)

Transition probabilities 
are polynomials

Unless     
mentioned 
otherwise: 
{x,1 − x}
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s1

s3 s4

s2 s5

s6 s7

x

x x

1 − x

y y1 − y 1 − y

Parametric Markov chains (pMCs)

Knuth-Yao die (instantiation)
ℳ[x ↦ 0.6,y ↦ 0.52] 0.6

0.6 0.6

0.4

x x 1 − x1 − x1 − x1 − x0.4 0.6 0.60.4     0.4 0.4

   0.52    0.52   0.48    0.48
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s1

s3 s4

s2 s5

s6 s7

x

x x

1 − x

y y1 − y 1 − y

Knuth-Yao die (with specification)

Parametric Markov chains (pMCs)

“What is the probability to reach the red state?”  
or 
“Is the probability above/below some threshold?”

x x 1 − x1 − x1 − x1 − x
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s1

s3 s4

s2 s5

s6 s7

x

x x

1 − x

y y1 − y 1 − y

x x 1 − x1 − x1 − x1 − x

Parametric Markov chains (pMCs)

Knuth-Yao die (trade-offs)



Sebastian Junges & Joost-Pieter Katoen 
Probabilistic Verification 
UAI 2022

Problem statement: Parameter synthesis
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%&' : x → [0,1]Given: Find:

such that:

a parametric MC 
with parameters x

ℳ

ℳ[%&'] ⊧ φ , i.e., the induced Markov chain 
         satisfies some specification

x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − y

a red state is reached with 
probability at least/at most λ
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Parameter Synthesis

Various settings

142

Only care for some 
satisfactory pointCare for all points

parameter space partitioning feasibility
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Problem statement: Parameter synthesis

143

%&' : x → [0,1]Given: Find:

such that:

a parametric MC 
with parameters x

ℳ

ℳ[%&'] ⊧ φ , i.e., the induced MDP satisfies 
         some specification

x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − y

a red state is reached with 
probability at least/at most λ

all/ 
many

some
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Two types of motivation

Controllable parameters 

• Randomised algorithms  
to break symmetry in distributed protocols, or 
to maximise entropy 

• System configuration, product lines 
E.g, use of higher quality components, or 
use of additional redundancy  

• Small strategies  
for partially observable MDPs 

144

Uncontrollable parameters 

• “robustness” 
probabilities in environment are only estimates 

• “effectiveness” 
existence of scenarios that justify redundancy 
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Overview
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Complexity

POMDPsApproaches

Concepts Encoding

p1 = x ⋅ x2 + (1 − x ) ⋅ p5
p2 = y ⋅ p3 + (1 − y ) ⋅ p4
p3 = x ⋅ p2 + (1 − x ) ⋅ p3
p4 = x ⋅ p1 + (1 − x ) ⋅ p⋅
p5 = 0 p1 = 0p1 = 0
p1 = 1

p1 > 1/6

0 < x < 1,0 < y < 1x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − y

Parametric BNs
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Encoding feasibility in Existential Theory of the Reals (ETR)

146

p1 = x ⋅ x2 + (1 − x) ⋅ p5

p2 = y ⋅ p3 + (1 − y) ⋅ p4

p3 = x ⋅ p2 + (1 − x) ⋅ p3

∃pi ∃x, y :

p4 = x ⋅ px + (1 − x) ⋅ p⋅

p5 = 0 p1 = 0px = 0

Does a valuation exist s.t. a red state is reached with 
probability is more than 1/6?

p1 > 1/6

0 < x < 1, 0 < y < 1

yes, iff the constraints 
are satisfiable

p1 = 1
s1

s3 s4

s2 s5

s6 s7

x

x x

1 − x

y y1 − y 1 − y

x x 1 − x1 − x1 − x1 − x
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Solving systems of polynomials — in general — 
is exponential in number of variables

states + parameters

Efficiency?
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Eliminating state-variables to get a Solution Function

State elimination (as in NFAs) or Gaussian elimination w/ polynomials

148

For a pMC with k parameters, n states and linear polynomials as probabilities: 

• The rational function can be exponential in k (even for acyclic pMCs) 
• For any fixed k, the computation can be done in polynomial time in n

x ⋅ (1 − x) ⋅ 1 − y
1 − xy

x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − yResults in a rational function         
over the parameters

[Jansen et al.’14]

[Hutschenreiter et al.’17]
[INFOCOMP’20]

[Daws’04]
[Hahn et al.’11]

[CAV’2015]

[Delgado et al.’11]

f (x)
x
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Result of state elimination
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(100000 

* (5960464477539062500000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000*x^31+702373936490740872940087742602805112667874188094069949758963540019627405253125*y+1450904375022708825682321296378347076778416883393982007472009476183433015546875000*y^2+1864755946862212781696097687854559826846553823287794907364816761374121929687500000000*y^3+166895
1994385017644663304962887700020242746670158135295164653664125004492187500000000000*y^4+1102865149919950107236938145739490878327656928384325737735665870684589843750000000000000000*y^5+556547137079102685146960572336091343090015799330093919477074765334472656250000000000000000000*y^6+218742892187106712970110443815793230349572908927046406971833843798828125000000000000000000000000*y^7+676571205011062515900423148413811514055
30532495603704972860592041015625000000000000000000000000000*y^8+16518818139533290562094250699015259007637423958616171182550292968750000000000000000000000000000000000*y^9+3172295793253285940594791438727346168066208663418201237548828125000000000000000000000000000000000000000*y^10+474016764439910699755280957262762537268094956223410561523437500000000000000000000000000000000000000000000*y^11+540128789227640751889657546674
84772073830752262641357421875000000000000000000000000000000000000000000000000*y^12+162426578488654837092788848277278964025878906250000000000000000000000000000000000000000000000000000000000000000000*y^16+9589665193970181581958253602290550036087890625000000000000000000000000000000000000000000000000000000000000000000*y^15+264718553211154172716577556561825608809590996093750000000000000000000000000000000000000000000000000
000000000000*y^14+4536039578070738872212092128811920272247180719775390625000000000000000000000000000000000000000000000000000000*y^13+1197686862314302852123159115280362082895137117450174688158218156239594687237500*x+95367431640625000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000*y^15*x^16+5960464477539062500000000000000000000000000000
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41 States - 138 Transitions - 2 Parameters

The numerator has 408 terms, 
The denominator is the product of 48 linear polynomials

5 seconds
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Exact Partitioning
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This curve is the solution function

Split   into R R+ = { val ∈ R ∣ ℳ[val] ⊧ φ } and R− = { val ∈ R ∣ ℳ[valv] /⊧ φ }
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Solving polynomial inequality — in general — 
is exponential in number of variables

Efficiency?

 parameters

exponential in      
parameters
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Complexity

POMDPsApproaches

Concepts Encoding

p1 = x ⋅ x2 + (1 − x ) ⋅ p5
p2 = y ⋅ p3 + (1 − y ) ⋅ p4
p3 = x ⋅ p2 + (1 − x ) ⋅ p3
p4 = x ⋅ p1 + (1 − x ) ⋅ p⋅
p5 = 0 p1 = 0p1 = 0
p1 = 1

p1 > 1/6

0 < x < 1,0 < y < 1x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − y

Parametric BNs
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Recap: Complexity theory
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coNP

     
NP

    
PTIME

PSPACE

SAT: Given a Boolean 
formula, is it satisfiable?

Has the LP a feasible 
solution?

coETRETR
Given a polynomial, 
has it a real root?

Given a set of 
polynomials, do they 
have a common root?
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Recap: Complexity theory
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coNP

     
NP

    
PTIME

PSPACE

ETR coETR
Given a polynomial, 
has it a real root?

SAT: Given a Boolean 
formula, is it satisfiable?

Has the linear program 
a feasible solution?

Given a set of 
polynomials, do they 
have a common root?

TAUT: Given a Boolean 
formula, is it a tautology?
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How difficult is parameter synthesis?
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pMC

ETR-complete

NP-hard 
in ETR

model relation

<

≤

>

≥

< ≤ > ≥

   
coNP

     
NP

    
PTIME

PSPACE

ETR coETR

[CONCUR’19]

%&' : x → [0,1]Given: exists: s.t.:a parametric MC 
with parameters x

ℳ in             a red state is reached with 
probability [relation] λ

ℳ[%&']
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Encoding polynomial inequalities as pMC
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−2x2y + y ⩾ 5

2 ⋅ ((1 − x)xy + (1 − x)y + (1 − y) − 1) + y ⩾ 5

2 ⋅ (1 − x)xy + 2 ⋅ (1 − x)y + 2 ⋅ (1 − y) + y ⩾ 7

Probability of reaching       at least 7/8

Given any pMC  
is there a parameter valuation s.t. 
the probability reaching      λ≥

ETR

[JCSS’21]

8 8

Given any polynomial    
is there a variable valuation 
 s.t.  
 

f (%&') ≥ κ
%&'

f

[Chonev’19]
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arbitrarily many a-priori fixed

pMC

ETR-complete

in P
NP-hard 
in ETR

157

parameters

model relation

[Hutschenreiter et al.  2017]

How difficult is parameter synthesis?

<

≤

>

≥

%&' : x → [0,1]Given: exists: s.t.:a parametric MC 
with parameters x

ℳ in             a red state is reached with 
probability [relation] λ

ℳ[%&']

 parameters

exponential in      
parameters

Solving polynomial inequality — in general — 
is exponential in number of variables

[JCSS’21]
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What about parametric MDPs?
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%&' : x → [0,1]

Given:

exists: such that

a parametric MDP 
with parameters x

ℳ

ℳσ[%&'] ⊧ φfor all σ : S → 012 :

Selecting an action 
in every state

[JCSS’21]
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The complexity landscape for parameter synthesis  (simplified)

arbitrarily many a-priori fixed

pMC

ETR-complete

in P
NP-hard 
in ETR

pMDP ETR-complete in NP

159

parameters

model relation

[Hutschenreiter et al.  2017]

How difficult is parameter synthesis?

<

≤

>

≥

< ≤ > ≥

ETR encoding as extension of 
the standard LP for MDPs

How to eliminate state 
variables?

[JCSS’21]
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Complexity

POMDPsApproaches

Concepts Encoding

p1 = x ⋅ x2 + (1 − x ) ⋅ p5
p2 = y ⋅ p3 + (1 − y ) ⋅ p4
p3 = x ⋅ p2 + (1 − x ) ⋅ p3
p4 = x ⋅ p1 + (1 − x ) ⋅ p⋅
p5 = 0 p1 = 0p1 = 0
p1 = 1

p1 > 1/6

0 < x < 1,0 < y < 1x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − y

Parametric BNs



Sebastian Junges & Joost-Pieter Katoen 
Probabilistic Verification 
UAI 2022

Problem statement: Parameter synthesis
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%&' : x → [0,1]Given: Find:

such that:

a parametric MDP 
with parameters x

ℳ

ℳσ[%&'] ⊧ φ, i.e., the induced MDP satisfies 
         some specification

x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − y

a red state is reached with 
probability at least/at most λ

all/ 
many

some
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Practical parameter synthesis

Two settings

162

Only care for some 
satisfactory pointCare for all points
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Several variants of encoding 
via SMT solvers

Parameter lifting:  
abstraction-refinement

Sampling based methods 
such as particle swarm

Iterative convex 
 optimisation schemes

Practical Parameter Synthesis

[Chen et al.’14]

[ATVA’18]
[TACAS’17]

Only care for some 
satisfactory pointCare for all points

surveyed in [arXiv’19]

[CAV’15]

[ATVA’16]
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Several variants of encoding 
via SMT solvers

Parameter lifting:  
abstraction-refinement

Sampling based methods 
such as particle swarm

Iterative convex 
 optimisation schemes

Practical Parameter Synthesis

Only care for some 
satisfactory pointCare for all points

surveyed in [arXiv’19]

[CAV’15]

[ATVA’16]
[Chen et al.’14]

[ATVA’18]
[TACAS’17]
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surveyed in [Arxiv19]

[CAV15]

[ATVA16]
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Only care for some 
satisfactory pointCare for all points

Several variants of encoding 
via SMT solvers

Parameter lifting:  
abstraction-refinement

Sampling based methods 
such as particle swarm

Iterative convex 
 optimisation schemes

Practical Parameter Synthesis

[Chen et al.’14]

[ATVA’18]
[TACAS’17]
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Practical Approaches to Feasibility
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level of exactnessless more

sampling
methods

(e.g., PSO)

sequential
convex

programming
(SCP)

convex-concave
procedure

(CCP) ETR/
solution function

# iterations 

exploit model structure 

time per iteration 

# states, # parameters 106 102 105 104 104 4104 103
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Overview
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Complexity

POMDPsApproaches

Concepts Encoding

p1 = x ⋅ x2 + (1 − x ) ⋅ p5
p2 = y ⋅ p3 + (1 − y ) ⋅ p4
p3 = x ⋅ p2 + (1 − x ) ⋅ p3
p4 = x ⋅ p1 + (1 − x ) ⋅ p⋅
p5 = 0 p1 = 0p1 = 0
p1 = 1

p1 > 1/6

0 < x < 1,0 < y < 1x

x x

x x

1 − x

1 − x1 − x1 − x1 − x

y y1 − y 1 − y

Parametric BNs
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Randomisation and memory
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6

1 2 3

7

4 5

8

9

same observations:  
- {2,4} 
- {6,7,8}

POMDP: Reach red state without visiting the dragon.

Start in 1 or 5: 
Positional policy has to randomise in {2,4}

Start in 6 or 7: 
no positional policy 
store whether we have been in 3
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POMDPs

MDPs with ‘observable colours’
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s0 s2

s1

s3

a1

a2

a3

a1

a2

a1

a2

1

0.5

0.5

1

1

0.5 0.5

1

1

Given any POMDP  
is there an observation-based policy s.t.  
the probability reaching     > λ

Distribution over actions

Distribution over actions

a1, a2, a3
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Partially observable MDPs (POMDPs)
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s0 s2

s1

s3

a1

a2

a3

a1

a2

a1

a2

1

0.5

0.5

1

1

0.5 0.5

1

1

a1, a2, a3

For this talk: 
POMDP = MDP with coloured states

POMDP 
Positional policy: 
colours to distributions over actions

Given any POMDP  
is there a positional policy s.t. the 
probability reaching        > λ
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POMDPs with memoryless strategies

Maps observations to distributions over actions

171

maps observation/action pairs 
 to probabilities

Strategy is uniquely described by 
values for x, y1, y2

s0 s2

s1

s3

a1

a2

a3

a1

a2

a1

a2

1

0.5

0.5

1

1

0.5 0.5

1

1

a1, a2, a3

a1

a2 x
1 − x

a3

a2

a1 y1

y2

1 − y1 − y2

[UAI’18]
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Applying the memoryless strategy

Induced Markov Chain with unknown probabilities

172

[UAI’18]

s0 s2

s1

s3

a1

a2

a3

a1

a2

a1

a2

1

0.5

0.5

1

1

0.5 0.5

1

1

a1, a2, a3
s0 s2

s1

s3

y1 · 1

y2 · 0.5

y2 · 0.5 +
(1 � y1 � y2) · 1

x

1 � x

0.5 · x

1 � x + 0.5 · x

<latexit sha1_base64="r3iv1JqovIbDdkM7xv8SDhjHKQM="></latexit>

a1

a2 x
1 − x



Sebastian Junges & Joost-Pieter Katoen 
Probabilistic Verification 
UAI 2022

POMDPs and parametric Markov chains

173

[UAI’18]

Given any pMC  
is there a parameter valuation s.t. 
the probability reaching     > λ

Given any POMDP  
is there a memoryless policy s.t. 
the probability reaching     > λ

Parameter synthesis yields  
new complexity results and new competitive methods  for POMDPs

Finite-state memory can be supported  
using a simple reduction



Sebastian Junges & Joost-Pieter Katoen 
Probabilistic Verification 
UAI 2022

Complexity results

Deciding whether 
 
 there exist a memoryless policy for undiscounted expected reward  

is ETR-complete. 

174
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Empirical Results

175

[IEEE TAC 2022]

Trajectory for a finite-memory policy with memory size five

start

50% reduction in 

trajectory length and cost

1440, 3600, 7200
observations

memoryless
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Complexity

POMDPsApproaches

Concepts Encoding
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Parametric Bayesian Networks
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[Salmani & Katoen, 2022]
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Approach
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[Salmani & Katoen, 2022]
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Some Results for pBNs
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Parameter partitioning 
(“alarm” benchmark)

Fast sensitivity analysis 
with many parameters

[Salmani & Katoen, 2022]
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Want to know more?
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or get in touch!
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Outlook
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▪   Monotonicity checking
▪    efficient sufficient conditions
▪    interplay with region verification
▪    gradient descent

▪   Richer models (e.g., infinite-state, hybrid, AI models)  

▪   Topology synthesis

▪   Variations
▪    robust policies (rather than robust parameters)
▪    uncertain (e.g., interval) models
▪    parameters governed by distributions
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Epilogue
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▪   Feasibility: is there a compliant instantiation?  

▪   Exact partitioning: which instantiations are good/bad?

▪   Approximate partitioning: using iterative abstraction 

▪   Practical feasibility: using mathematical optimisation

Aim: Mechanically finding the right probabilities

Applications in e.g. Bayesian Networks and POMDPs
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Wrap-Up
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3. Automated Symbolic Reasoning

1.
Fundamentals of  
Probabilistic Model Checking

2. Probabilistic Model Checking with Storm:  
Hands-on Slides

4. Parameter Synthesis in Markov Models
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Wrap-Up

Recent Trends in Probabilistic Model Checking and Verification

• Verification of partially observable MDPs 

• Verification of Multi-player MDPs / Stochastic Games 

• Synthesis of robust policies 

• Synthesis of small policy representations 

• Usage in “Safe reinforcement learning” 

• Tightening the connection to progress in classical planning
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Which features would help you? What methods should we consider?

katoen@cs.rwth-aachen.de sjunges@cs.ru.nl


